Abstract-In this paper, we investigate the output tracking control problem for a class of uncertain nonlinear systems in parametric strict feedback form with quantized input. A novel backstepping based adaptive quantized control scheme is proposed. Different from the existing results, the true quantization parameters are allowed to be unknown in the design of adaptive controller. It is shown that with the proposed control scheme, the system output can track the desired trajectory asymptotically and all the closed-loop signals are globally uniformly bounded.
I. INTRODUCTION
In recent years, quantized control has attracted significant attention from various research areas, due to its wide potential application in hybrid systems, discrete-event systems and networked control systems [1] - [4] . Quantization can be viewed as a map from a continuous signal to a piecewise constant signal. The main advantage of quantized control over the time-scheduled periodic sampling control lies in that it can reduce the communication burden while maintaining satisfied control precision. Many seminal works on quantized control of linear and nonlinear systems have been reported in [1] - [7] .
It is worth pointing out that the results mentioned above are all obtained based on precise and completely known system structure. However, in practical engineering applications, the controlled plants may inevitably involve uncertainties such as unknown system parameters, unmodeled dynamics and uncertain external disturbances. Thus investigating the quantized control problem for uncertain systems is of great significance in both theory and practice. So far, most of currently available results are obtained based on the robust technique. In [4] , [7] , a class of discrete-time linear systems with quantized state feedback are considered. The conditions under which the H ∞ performance can be guaranteed are exhaustively derived. In [8] , the robust stabilization problem for uncertain discrete-time systems with communication channels of limited capacity is studied. In [9] , for an uncertain nonlinear continuous-time minimum-phase system with quantized input, a linear high-gain partial-state feedback is utilized to stabilize the closed-loop system.
In addition to robust control, adaptive control has also been proved to be a promising tool to handle uncertain-ties existing in the controlled systems, due to its ability of providing on-line estimation of unknown parameters. However, the results on adaptive quantized control are still limited. In [10] , [11] , adaptive control problem of uncertain linear systems with quantization input is studied. In [12] , adaptive quantized control for uncertain nonlinear systems is investigated. It is worth noting that in [10] , [12] , the stability condition is dependent on the input signal, which is hard to be checked in advance. Recently, this limitation has been removed in [13] whereas the assumptions that involved system nonlinearities satisfy global Lipschitz condition with known Lipschitz constant and bounded partial derivatives are needed. Based on the sector bound property of the quantizer, the above assumptions have been relaxed in [14] . Hence the proposed control scheme is suitable for more general nonlinear systems. Some more works on adaptive control of nonlinear systems with quantized input signals are reported in [15] - [17] .
Note that in the existing results, the control laws are mostly designed with exact quantization parameters adopted or the determination of quantization parameters relies on the closed-loop system property. However in practical applications, the quantization parameters may not be available to the controller designers. Moreover, the closed-loop system property may not be known by the quantizer designers either. Hence, it is significantly important to develop a new adaptive control algorithm in which the control law is independent of quantization parameters and the choice of quantization parameters does not rely on the closed-loop system property.
Motivated by the above observation, an adaptive asymptotically tracking control scheme is proposed for a class of uncertain strict-feedback nonlinear systems with input quantization. An estimator is introduced to account for a lumped unknown parameter related to the unknown system parameters and quantizer parameters such that the actual quantization parameters are no longer needed in adaptive controller design. Hence the generation of control law and the treatment of signal quantization can be conducted separately. It is shown that with our proposed control scheme, the system output can track the desired trajectory asymptotically while all closed-loop signals are globally uniformly bounded. Simulation results are provided to validate the effectiveness of the control algorithm.
The outline of this paper is organized as follows. In Section II, the system model under consideration and the type of the quantizer are introduced. The controller design and closed-loop system stability analysis are provided in Section III and IV, respectively. Simulation results are given in Section V followed by a conclusion drawn in Section VI.
II. PROBLEM FORMULATION

A. System model
In this paper, the following class of uncertain strictfeedback nonlinear systems are considered.
. . .
T ∈ R n and y ∈ R are the state vector and output of the system, respectively.
. . , n, are known smooth functions. θ ∈ R m and b n are unknown system parameters. d n (t) denotes uncertain external disturbance. q(u) represents the quantized input signal, in which u is the actual control input to be designed. Similar to [13] and [14] , we assume that the conditions for the existence and uniqueness of solution hold for this class of nonlinear systems. For simplicity, we denote ϕ i (x 1 , . . . , x i ) by ϕ i when no confusion arise throughout this paper.
Remark 1: Compared with the existing literature [13] - [17] , the system under consideration is more general from the following two aspects: i) the system involves unknown system parameters and uncertain external disturbances; ii) the high-frequency control gain of the system is no longer limited to be 1.
B. Sector-bounded quantizer
The sector-bounded quantizer, namely quantization error satisfying a sector bound condition, is considered in this paper, which has the following property.
where δ and u 0 are quantization parameters specified by designer. As pointed out in [18] , the following two kinds of quantizers are both characterized by the sector bound property. 1) Logarithmic quantizer: The considered logarithmic quantizer is the same as those in [10] and [19] . The mathematical model of this quantizer is described as
where u i = ρ (1−i) u 0 with i being positive integer. The quantization parameters u 0 > 0 and 0 < ρ < 1, δ = 1−ρ 1+ρ . u min = u 0 /(1 + δ) denotes the size of dead-zone for q l (u). ρ is the measure of quantization density. The smaller the ρ is, the coarser the quantizer is. q l (u) is in the set U = {0, ±u i }. The reader can be referred to [20] for some more discussions on this quantizers.
2) Hysteresis quantizer: The hysteresis quantizer is firstly introduced in [21] . Similar to [13] and [14] , a kind of hysteresis quantizer is described in the following form.
where u i = ρ (1−i) u 0 with integer i = 1, 2, . . . and u 0 > 0. The meaning and property of quantization parameters u 0 , ρ and δ are the same as those discussed in logarithmic quantizer. q h (u) is in the set U = {0, ±u i , ±u i (1 + δ)} and q h (u − ) represents the status prior to q h (u). For this kind of quantizer, some more details can be found in [21] , [13] and [14] .
Remark 2: Observing the mathematical model of hysteresis quantizer, it implies that the structure of hysteresis quantizer is the combination of two logarithmic quantizers with the same coarseness, while different quantization levels. This unique quantization structure is utilized to avoid chattering when q h (u) varies from a value to another as pointed out in [21] .
Remark 3: Except for the two kinds of quantizers mentioned above, it can be easily checked that some other novel quantizers proposed in [15] , [16] , [22] are also characterized by the sector-bounded property in (2) .
The control objective is to propose a quantized tracking control scheme such that the system output y can track a prescribed reference trajectory y r asymptotically while all closed-loop signals are globally uniformly bounded. To achieve the control objective, some assumptions are imposed.
Assumption 1:
The first nth-order derivatives of y r (t) are bounded, piecewise continuous and known.
Assumption 2: The sign of b n is known. Assumption 3: The disturbance term d n (t) satisfies that |d n (t)| ≤d, whered is an unknown positive constant. 
III. ADAPTIVE CONTROLLER DESIGN
In this section, the backstepping technique [24] are employed to design the adaptive control law. As done in standard backstepping based design procedure, the following change of coordinates are made.
where α i−1 denotes the virtual control input at the ith step to be designed. To focus on the main idea of our design procedure, only the final step is elaborated in detail.
•
Step i(i = 1, . . . , n − 1). The virtual control input at ith step are designed as
with
whereθ is the estimate of θ. Γ and c i are all positive design parameters with appropriate dimension.
• Step n. From (1) and (6) for i = n, the derivative of z n can be computed aṡ
, where α n is defined in (9) for i = n andD is the estimate of positive constant D =d + (1 − δ)d|b n | which consists of unknown upper bound of uncertain external disturbance, unknown system structure parameter and quantization parameter. η is an integrable function, that is,η = t 0 η(τ )dτ withη being a constant as t → ∞.
The actual adaptive control law is designed as
with sg(z n v) = 
where γ and γ D are both positive design parameters. Here, the initial condition ofˆ must be set as a nonnegative constant to makeˆ remain positive. Remark 4: It can be observed from (14)- (17) that quantization parameters are utilized neither in the adaptive control law nor in the parameter update laws. Besides, with the proposed control scheme, the choice of quantization parameters can be solely determined by the communication channel bandwidth regardless of the closed-loop system property.
IV. STABILITY ANALYSIS
Now, the main results of this paper are formally stated in the following theorem.
Theorem 1: Consider a class of uncertain strict-feedback nonlinear system (1) with quantized input under the Assumptions 1-3 and a class of sector-bounded quantizer. With the developed adaptive control law (14) and the parameter update laws (15)- (17), the system output y can track a prescribed reference trajectory y r asymptotically and all the closed-loop signals are globally uniformly bounded.
Proof: Define a Lyapunov function candidate for the closed-loop system as (5)- (12), equation (19) can be further derived aṡ
In view of (13), then
Multiplying both sides of inequality (2) by |b n z n |, it results in
Hence,
From (14) and (17), (23) is further derived as
From Lemma 1, (24) can be calculated as
Substituting (25) into (20) getṡ
From (9) for i = n, (12) for i = n, (15), (16) and (17), (26) is further computed aṡ
Integrating both sides of inequality (8) gets
η(τ )dτ is a positive constant. Inequality (28) implies that z i for i = 1, 2, . . . , n,θ,D andˆ are bounded and z 1 ∈ L 2 . From Assumption 1 and (5), x 1 is bounded. Thus the boundedness of α 1 can be ensured in (7) . From (6), x 2 is bounded. In view of Assumption 1 and (8), it follows that α 2 is bounded. By following this analysis line recursively, the boundedness of α n can be guaranteed, so is control input u. Therefore, all the signals in the closed-loop system are globally uniformly bounded.
The derivative of z 1 isż 1 = x 2 + ϕ 1 T (x 1 )θ −ẏ r . Clearly, z 1 is bounded and thusż 1 ∈ L ∞ . By Barbalat's lemma, z 1 → 0 as t → ∞. Consequently, the system output y can track the prescribed reference trajectory asymptotically, that is, lim t→∞ y → y r . Remark 5: In the design of adaptive control law, how to cancel the absolute valued the term |z n b n u| in (23) is challenging. To completely counteract this term, some information of the term such as the sign of z n b n u should be known. From (14) and (17), it can be seen that the control input u and parameter update law forˆ are elaborately constructed to make the term z n b n u nonpositive provided that the initial value ofˆ is nonnegative.
Remark 6: From Theorem 1, it can be concluded that all the closed-loop signals are globally uniformly bounded and the asymptotic output tracking can be guaranteed, despite the presence of quantized inputs effects on the closed-loop system. Note that the results in this paper is quite different from many existing results on quantized control of uncertain nonlinear systems including in [13] , [14] , [16] , [17] in which the tracking error can only converge to an adjustable compact set.
Remark 7: From the proof of Theorem 1, it can be easily shown that our proposed control scheme is also applicable for uniform quantizer satisfying |q(u) − u| ≤ u 0 . The adaptive control law and the parameter update laws can be left. However, the closed-loop system stability analysis be modified accordingly in which the δ is set as zero.
V. SIMULATION
In this section, a numerical example is utilized to verify the effectiveness of our proposed control scheme. Specifically, the following system is considereḋ
where b 2 = 2 and θ = 1 are both unknown parameter.
The desired reference trajectory is given by y r (t) = cos(0.1t). The initials of closed-loop system are respectively set as x 1 (0) = x 2 (0) = 0.5,θ(0) =D(0) = 0 andˆ (0) = 0.01. In simulation, the logarithmic quantizer and hysteresis quantizer are utilized sequentially to quantize the input signal and their quantization parameters are selected as δ = 0.2 and u o = 0.02. In both cases, the design parameters are chosen as c 1 = c 2 = Γ = γ D = 1, γ = 5 and η = 0.2e −0.03t . The tracking performances with logarithmic quantizer and hysteresis quantizer are provided in Fig.1-2 and Fig.5-6 , respectively. The control inputs are shown in Fig.3 and Fig.7 . Fig.4 and Fig.8 exhibit the performance of parameter estimates. Clearly, it can be observed that the system output will track the desired trajectory asymptotically and all the closed-loop signals are ensured bounded. Moreover, by comparing Fig. 3 and Fig.7 , it indicates that the control performance using hysteresis quantizer is better than that using logarithmic quantizer in the sense of subdued chattering.
VI. CONCLUSIONS
In this paper, the output tracking control problem for a class of uncertain strict-feedback nonlinear systems with quantized input, unknown system parameters and uncertain external disturbances is studied. An adaptive quantized tracking control algorithm is presented by considering a class of sector-bounded quantizers, where quantization parameters are allowed to be unknown. It is shown that the asymptotic output tracking can be achieved and the global uniform boundedness of all the closed-loop signals are ensured. 
